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In this paper, the response of composite beams to deterministic and random loads is investigated. Of
particular interest is the inclusion of the (material) coupling between the bending and torsional defor-
mation that usually exists because of the anisotropic nature of � brous composites. First, the free vibration
characteristics of a bending – torsion coupled composite beam are established using the basic governing
differential equations of motion. The response problem is then formulated through the use of generalized
coordinates and normal modes obtained from the free vibratory motion. The orthogonality condition of
the bending – torsion coupled beam is derived to decouple the equations of motion. The overall response
is then calculated by superimposing the response obtained in each mode. The developed theory is fairly
general and can be applied to composite beams with any cross section, e.g., an aerofoil, as long as their
rigidity and other properties are known. Numerical results are obtained for a cantilever composite aircraft
wing with substantial coupling between bending and torsional modes of deformation. Both deterministic
and random loads are considered in the analysis. The deterministic load is a harmonically varying con-
centrated � exural force at the tip, whereas the random load is that of an atmospheric turbulence, modeled
by the von Kármán spectra, uniformly distributed over the length of the wing.

Introduction

R ESEARCH interest in thin-walled composite beams has
grown quite large in recent years. For instance, several

authors have investigated the free vibration characteristics1– 7

of composite beams. However, comparatively very few authors
have focused attention on the response characteristics.8,9 This
is because the response analysis of a structure is usually pre-
ceded by its free vibration analysis, particularly when the nor-
mal mode method is used. In this respect, the free vibration
analysis of a composite beam is a basic step toward developing
its forced vibration characteristics. However, it should be rec-
ognized that composite beams exhibit (material) coupling be-
tween various modes of deformation, e.g., bending– torsion
coupling, unlike their metallic counterparts. This occurs mainly
as a result of � ber orientations in laminated composites. There-
fore, the response analysis of composite beams is somehow
more complicated than that of metallic beams.

Abdelnaser and Singh8 investigated the random vibration
characteristics of cantilevered composite beams using third-
order shear deformation theory. They obtained their solution
by utilizing the eigenfunction of the free vibration problem
and its adjoint. Their investigation shows that for thick com-
posite beams, the effect of shear deformation on response can
be signi� cant. Rao and Ganesan,9 on the other hand, studied
the harmonic response of tapered composite beams using the
� nite element method. They presented results showing the in-
� uence of anisotropy, taper pro� le, and taper parameters for a
wide range of composite beams.

This paper, however, uses an exact differential equation ap-
proach and addresses the coupled � exural– torsional response
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of composite beams to deterministic and random loads. Ap-
plications include aircraft wings and helicopter blades made of
composite materials. This investigation stems from the authors’
earlier work10 on the response analysis of metallic beams for
which the coupling between the bending and torsional defor-
mation was caused by noncoincident mass axis (centroid) and
elastic axis (shear center) of the beam. Thus, in the previous
investigation,10 the bending– torsion coupling effect was a con-
sequence of the geometrical properties of the beam cross sec-
tion rather than its material properties. In contrast, the
bending– torsion coupling considered in this paper applies to
composite beams because of the material properties of the
beam. This type of material coupling occurs because of � ber
orientations in laminated composites. The composite beam
considered in this paper is assumed to be straight and uniform
with a doubly symmetric cross section. It is made of thin-
walled laminated plates, e.g., a � at or a box section composite
beam. The bending– torsion (material) coupling effect, which
is well known to occur for such composite beams, is quite
fundamental to the consideration of this paper. The beam is
subjected to a time-dependent bending and/or torsional load
that can be either deterministic or random. Both concentrated
and distributed loads for each of the previous two cases, i.e.,
deterministic and random, are considered when developing the
theory. The deterministic load is assumed to vary harmonically,
whereas in the case of random loading, the input is considered
to be stationary and ergodic having a prescribed power spectral
density (PSD) distribution. The response quantities considered
in this paper are the � exural and torsional displacements at
various points on the beam. The effects of shear deformation,
rotatory inertia, and warping stiffness are considered to be
small and neglected in the analysis.

The following steps are used when presenting the material
of this paper. First, the natural frequencies and mode shapes
of a bending– torsion coupled composite beam in free vibration
are obtained using the method of Banerjee and Williams.7 A
normal mode method is then used to compute the frequency
response function of the beam. (Note that linear small de� ec-
tion theory has been used so that the overall response of the
beam is represented by the superposition of all individual re-
sponses in each mode.) The Duhamel’s integral is applied to
calculate the response for the deterministic case. The evalua-
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Fig. 1 a) Coordinate system and sign convention for positive ply
angle of a laminated composite beam and b) the distribution of
bending and torsional loads.

tion of the response for the random load is, however, carried
out in the frequency domain by relating the PSD of the output
to the PSD of the input, using the modulus of the complex
frequency response function.

Finally, the theory developed in this paper is applied to a
cantilever composite wing with substantial (material) coupling
between bending and torsional modes of deformation. The ef-
fects of ply orientation on the rigidity properties of the wing
and their subsequent effects on free and forced vibration char-
acteristics are demonstrated by numerical results. However,
note that the theory given in this paper (and, hence, the re-
sults), does not include time-dependent oscillatory unsteady
aerodynamic forces that occur because of aerofoil motion.

Theory
The differential equations of motion of a viscously damped

bending– torsion coupled composite beam (Fig. 1) are taken in
the following form3:

4 3 2­ u ­ c ­u ­ u
EI 1 K 1 c 1 m = f ( y, t) (1)14 3 2­y ­y ­t ­t

2 3 2­ c ­ u ­c ­ c
GJ 1 K 2 c 2 I = g(y, t) (2)2 a2 3 2­y ­y ­t ­t

where u = u(y, t) and c = c (y, t) are the transverse displace-
ment and the torsional rotation of the reference axis (the ref-
erence axis is de� ned here as the locus of geometrical shear
centers of the beam cross sections) of the beam, respectively;
f ( y, t) and g(y, t) are the external force and torque acting on
and about the � exural axis of the beam, respectively; m is the
mass per unit length; c1 and c2 are the linear viscous damping
coef� cients per unit length; EI, GJ, and K are, respectively,
the bending, torsional, and bending– torsion coupling rigidities
of the beam; Ia is the mass moment of inertia per unit length.
(Note that the theory developed applies to more general cross
sections, although the rectangular cross section is shown in
Fig. 1 for convenience.)

Free Vibration Analysis

For undamped free vibration, the external load f (y, t) and
external torque g(y, t) are set to zero together with the damping
coef� cients. The solutions are then assumed in the form

iv tnu(y, t) = U (y)e (3)n

iv tnc (y, t) = C (y)e (4)n

where n = 1, 2, 3, . . . and i = .21Ï

Substituting Eqs. (3) and (4) into Eqs. (1) and (2) gives the
following two simultaneous differential equations for Un and
Cn:

4 3d U d Cn n 2EI 1 K 2 mv U = 0 (5)n n4 3dy dy

2 3d C d Un n 2GJ 1 K 1 I v C = 0 (6)a n n2 3dy dy

Equations (5) and (6) can be combined into one equation by
eliminating either Cn or Un, to give7

6 4 2(D 1 aD 2 bD 2 abc)W = 0 (7)n

where

2¯d y ā b K
W = U or C, D = , j = , a = , b = , c = 1 2

dj L c c EIGJ
(8)

with

2 2 2 4¯ā = I v L /GJ, b = mv L /EI (9)a n n

and L is the length of the beam.
The solution of differential Eq. (7) is7

W (j ) = D cosh aj 1 D sinh aj 1 D cos bj 1 D sin bjn 1 2 3 4

1 D cos gj 1 D sin gj (10)5 6

where

0.5 0.5a = [2(« /3) cos(§/3) 2 a /3]
0.5 0.5b = {2(« /3) cos[(p 2 §)/3] 1 a /3} (11)
0.5 0.5g = {2(« /3) cos[(p 1 §)/3] 1 a/3}

in which

2« = b 1 a /3
(12)

2 1 3 2 1.5§ = cos [(27abc 2 9ab 2 2a )/2(a 1 3b) ]

In Eq. (7), a, b, and c are nondimensional quantities and are
all positive7 (note that7,11 0 < c < 1).

Equation (10) represents the solution for both the bending
displacement U(j ) and torsional rotation C(j). Thus,

U (j ) = A cosh aj 1 A sinh aj 1 A cos bjn 1 2 3

1 A sin bj 1 A cos gj 1 A sin gj4 5 6
(13)

C (j ) = B cosh aj 1 B sinh aj 1 B cos bjn 1 2 3

1 B sin bj 1 B cos gj 1 B sin gj4 5 6

where A1– A6 and B1– B6 are two different sets of constants that
are not all independent. Substituting Eqs. (13) into Eqs. (5)
and (6) shows that

B = (k /L)A , B = (k /L)A , B = (k /L)A1 a 2 3 b 4 5 g 6
(14)

B = (k /L)A , B = 2(k /L)A , B = 2(k /L)A2 a 1 4 b 3 6 g 5

where

4 3 4 3¯ ¯ ¯ ¯k = (b 2 a )/ka , k = (b 2 b )/kba b

(15)
4 3¯ ¯¯k = (b 2 g )/kg , k = K/EIg
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Equations (13), in conjunction with the boundary conditions,
yield the eigenvalues (natural frequencies) and eigenfunctions
(mode shapes) of a bending– torsional coupled composite
beam. Based on Eqs. (5) and (6) and the boundary conditions,
the following orthogonality condition is derived:

L

(mU U 1 I C C ) dy = m d (16)m n a m n n mnE
0

where mn is the generalized mass in the nth mode.

Response to Deterministic Loads

For a forced vibration problem, u(y, t) and c (y, t) can be
expressed in terms of the eigenfunctions as follows:

`

u(y, t) = u(jL, t) = q (t)U (y) (17)n nO
n=1

`

c (y, t) = c (jL, t) = q (t)C (y) (18)n nO
n=1

where qn(t) is the generalized time-dependent coordinate for
each mode. Substituting Eqs. (17) and (18) into Eqs. (1) and
(2), and using Eqs. (5) and (6), we obtain

`

2(mv U q 1 c U qÇ 1 mU q̈ ) = f (j, t) (19)n n n 1 n n n nO
n=1

`

2(2I v C q 2 c C qÇ 2 I C q̈ ) = g(j, t) (20)a n n n 2 n n a n nO
n=1

where the overdot represents differentiation with respect to
time.

Multiplying Eqs. (19) and (20) by Um and 2Cm, respec-
tively, then summing up these equations and integrating from
0 to L, and using the orthogonality condition of Eq. (16), gives
the following equation:

2q̈ (t) 1 2z v qÇ (t) 1 v q (t) = [F (t) 1 G (t)] (21)n n n n n n n n

where Fn(t) and Gn(t) can be expressed as

L

1 1
F (t) = U (y) f (y, t) dy = P (t) (22a)n n nEm mn n0

L
1 1

G (t) = 2 C (y)g( y, t) dy = 2 Q (t) (22b)n n nEm mn n0

Pn(t) and Qn(t) in Eqs. (22) are the generalized forces, and zn

is the nondimensional damping coef� cient in the nth mode
given by

L

(c U U 1 c C C ) dy = 2z v m d (23)1 m n 2 m n n n n mnE
0

Using Duhamel’s integral, the general solution for Eq. (21)
can now be obtained as follows:

2z v tn nq (t) = e [A cos(v t) 1 B sin(v t)]n n nd n nd

t

1
2z v (t2 t)n n1 [F (t) 1 G (t)]e sin[v (t 2 t)] dtn n ndEvnd 0

(24)

where vnd = , and An and Bn are the coef� cients2v 1 2 zÏn n

related to the initial conditions. Finally, substituting Eq. (24)

into Eqs. (17) and (18), the general solutions for u(y, t) and
c (y, t) can be obtained as follows:

`

2j v tn nu(y, t) = U (y) e [A cos(v t) 1 B sin(v t)]n n nd n ndO H
n=1

t

1
2z v (t2 t)n n1 [F (t) 1 G (t)]e sin[v (t 2 t)] dtn n ndE Jvnd 0

(25)

`

2z v tn nc (y, t) = C (y) e [A cos(v t) 1 B sin(v t)]n n nd n ndO H
n=1

t

1
2z v (t2 t)n n1 [F (t) 1 G (t)]e sin[v (t 2 t)] dtn n ndE Jvnd 0

(26)

If the external force and torque are assumed as f (y, t) =
d(y 2 ai) Fi sin Vi t and g(y, t) = d( y 2 bi) Gi sin Vi t, which
represent a system of concentrated simple harmonic forces and
torques acting at points ai and bi, respectively, with i = 1, 2,
. . . N, and d( y) is the Dirac delta function, then the dynamic
response u( y, t) and c (y, t) can be obtained as

`

2z v tn nu(j, t) = U (j )e [A cos(v t) 1 B sin(v t)]n n nd n ndO
n=1

` N
[U (a )F 1 C (b )G ]n i i n i i

1 U (j )nO O H 2 2 2 2m [(v 2 V ) 1 (2z v V ) ]n n i n n in=1 i=1

2 23 [(v 2 V )sin(V t) 2 (2z v V )cos(V t)] (27)n i i n n i i J
`

2z v tn nc (j, t) = C (j )e [A cos(v t) 1 B sin(v t)]n n nd n ndO
n=1

` N
[U (a )F 1 C (b )G ]n i i n i i

1 C (j )nO O H 2 2 2 2m [(v 2 V ) 1 (2z v V ) ]n n i n n in=1 i=1

2 23 [(v 2 V )sin(V t) 2 (2z v V )cos(V t)] (28)n i i n n i i J
Equations (27) and (28) provide the general solutions for

harmonically varying multipoint force and torque loading at
given locations.

Response to Random Loads

The receptances Hu(j, j1, V) and Hc(j, j1, V) for the bending
displacement u and the torsional rotation c, respectively, are
de� ned by their amplitudes at the point j, when a harmonically
varying force and/or torque with amplitude 1 and circular fre-
quency V is applied at j1. Thus, for the purpose of com-
puting receptances, the externally applied loading f (j, t) and
g(j, t) are represented by

iV t iV tf (j, t) = d(j 2 j )e g(j, t) = d(j 2 j )e (29)1 1

Substituting from Eqs. (29) into Eqs. (22) gives

iV t iV tF (t) = (1/m )U (j )e G (t) = 2(1/m )C (j )e (30)n n n 1 n n n 1

The solution of Eq. (21) for the previous loading is taken in
the form

iV tq (t) = q e (31)n on
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Substituting Eq. (31) into Eq. (21) and using Eq. (30), we
obtain

V (j )n 1
q = (32)on 2 2m (v 2 V 1 2iz Vv )n n n n

in which Vn = aFUn(j1) 2 aGCn(j1), where aF (or aG) is equal
to 1 or 0, depending on whether applied transverse force (or
torque) is presented or not. The receptance for u and c can
now be obtained from Eqs. (17) and (18) with the help of Eq.
(32), as follows:

`

H (j, j , V) = q (j , V)U (j )u 1 on 1 nO
n

(33)
`

H (j, j , V) = q (j , V)C (j )c 1 on 1 nO
n

Once the receptance or the complex frequency response
function is known, the response to a stationary, ergodic random
load can be found by following the standard procedure.12– 14

(For determination of rigidity and other properties of compos-
ite beams required for the analysis, see Refs. 6, 15 – 17.)

The cross-spectral densities Sf(j1, j2, V) and Sg(j1, j2, V),
and the cross-correlation functions Rf(j1, j2, V) and Rg(j1, j2,
V) of the input excitation are related by their Fourier transform
pair as

`

1
2 iVtS (j , j , V) = R (j , j , t)e dtf 1 2 f 1 2E2p 2 `

`

iVtR (j , j , t) = S (j , j , V)e dVf 1 2 f 1 2E
2`

(34)
`

1
2 iVtS (j , j , V) = R (j , j , t)e dtg 1 2 g 1 2E2p 2 `

`

iVtR (j , j , t) = S (j , j , V)e dVg 1 2 g 1 2E
2 `

The cross-correlation functions Rf(j1, j2, t) and Rg(j1, j2, t) of
the excitation are given by

R (j , j , t) = ^ f (j , t) f (j , t 1 t)& (35a)f 1 2 1 2

R (j , j , t) = ^g(j , t)g(j , t 1 t)& (35b)g 1 2 1 2

where ^ & denotes the ensemble average of the stochastic pro-
cess.

When the beam is acted upon by a � nite number N of con-
centrated, randomly varying forces and torques, the spectral
density function of the bending displacement and torsional ro-
tation are related to the cross-spectral densities of the forces

and torques asrs rsS (V) S (V)f g

N N

rsS (j, V) = H*(j, j , V)H (j, j , V)[S (V)u u r u s fOO
r=1 s=1

rs1 S (V)]g (36)N N

rsS (j, V) = H*(j, j , V)H (j, j , V)[S (V)c c r c s fOO
r=1 s=1

rs1 S (V)]g

where * denotes the complex conjugate.
For a distributed load, and are replaced byrs rsS (V) S (V)f g

Sf(j1, j2, V) dj1 dj2, and Sg(j1, j2, V) dj1 dj2, and the sum-

mations are replaced by integrals over the whole beam. Thus,
for a distributed load, the response spectral density is given by

1 1

S (j, V) = H*(j, j , V)H (j, j , V)[S (j , j , V)u u 1 u 2 f 1 2E E
0 0

1 S (j , j , V)] dj djg 1 2 1 2
(37)

1 1

S (j, V) = H*(j, j , V)H (j, j , V)[S (j , j , V)c c 1 c 2 f 1 2E E
0 0

1 S (j , j , V)] dj djg 1 2 1 2

Substituting the receptance Hu and Hc from Eqs. (33) into (37),
gives

` `

S (j, V) = d*(V)d (V)h (V)U (j )U (j )u m n mn m nOO
m n

(38)
` `

S (j, V) = d*(V)d (V)h (V)C (j )C (j )c m n mn m nOO
m n

where

2 2d (V) = 1/[m (v 2 V 1 2izVv )] (39)n n n n

1 1

h (V) = V (j )V (j )[S (j , j , V) 1 S (j , j , V)] dj djmn m 1 n 2 f 1 2 g 1 2 1 2E E
0 0

(40)

The mean square value of the response can now be found by
integrating the spectral density functions over all frequencies,
so that

`

2^u (j, t)& = S (j, V) dV (41)uE
2 `

`

2^c (j, t)& = S (j, V) dV (42)cE
2 `

If the input random excitation follows a Gaussian probability
distribution, the response probability will also be Gaussian
and, therefore, the response can be fully described by its spec-
tral density function.

The preceding theory can be applied when the input random
excitation is that of an atmospheric turbulence. The usually
adopted PSD to model gust and atmospheric turbulence when
obtaining the response of an aircraft wing is the well-known
von Kármán spectra, given by18

2 2s L 1 1 (8/3)[1.339(L /V )V]f s s
S (V) = (43)f 2 11/16pV {1 1 [1.339(L /V )V] }s

where is the mean square value of the gust (turbulence)2s f

velocity, Ls is the scale length of the turbulence, and V is the
airspeed. The previous spectra will be used in obtaining the
results of the illustrative example that follows.

Discussion of Results
The preceding theory is now applied to a graphite/epoxy

composite wing.19 The cross section of the wing is a thin-
walled rectangular box (Fig. 2). This circumferentially asym-
metric stiffness (CAS) con� guration19 exhibits bending– tor-
sional coupling, because it has (1b/1b) layup on the top wall,
(2b/2b) on the bottom wall, and (1b/2b) on the sidewalls.

First, the bending EI, torsional GJ, and bending– torsional
coupling K rigidities are established using the theory of Ar-
manios and Badir.6 The variations of these rigidities with ply
angle are shown in Fig. 3.
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Fig. 2 Con� guration of the laminated wing box section of Ref.
19 (ply angle b is measured from the y axis). Material = graphite/
epoxy. E1 = 206.92 3 109 Nm22, E2 = E3 = 5.17 3 109 Nm22, G13

= G23 = 2.55 3 109 Nm22, G12 = 3.10 3 109 Nm22, n12 = n23 = n13

= 0.25, and r = 1529.48 kgm23. Length = 203.2 cm and thickness
= 1.016 cm.

Fig. 3 Variation of EI, GJ, and K rigidities against ply angle.

Fig. 4 Variation of the � rst � ve natural frequencies of the box
wing against ply angle. B, bending and T, torsional.

Based on the preceding rigidities, the free vibration char-
acteristics of the wing with cantilever end conditions are in-
vestigated for various ply angles, using the dynamic stiffness
method.7 The variation of the � rst � ve natural frequencies
against ply angles are shown in Fig. 4. The effect of ply ori-
entation on natural frequencies is quite pronounced. However,
the essential purpose of Fig. 4 is to show trends and modal
interchanges as a result of ply orientations that can be inter-
preted as follows. The � rst mode is basically a fundamental
bending mode (with small amount of torsion in it), and it re-
mains so for all ply angles. The second mode starts as a tor-
sional mode in the 0 < b < 10 region, and then becomes a
bending-dominated mode. The variation of the third natural
frequency reveals a different picture, it is predominantly a
bending mode in the 0 < b < 10 region; however, it becomes
a predominantly torsional mode in the 10 < b < 25 region and
predominantly bending again in the 25 < b < 70 region, before
� nally becoming a predominantly torsional mode again. In
contrast, the fourth natural frequency � rst starts as a torsional
mode within the 0 < b < 10 range, then it becomes a bending-
dominated mode within the 10 < b < 25 range. Subsequently,
it becomes torsion-dominated again within the 25 < b < 70
range before � nally becoming a bending mode. The modal
interchange (� ipover) between modes 3 and 4 around b = 70
deg is noticeable, i.e., the third bending mode becomes the
� rst torsion, whereas the � rst torsion becomes the third bend-
ing mode. Finally, the � fth mode starts as a torsional mode
and remains so until b = 15 deg, and then it becomes a bending
mode within the 15 < b < 90 range.

Representative results for the � rst � ve natural frequencies
and mode shapes of the wing when b = 10 deg are shown in
Fig. 5. Apart from the � rst mode (which has signi� cant cou-
pling between bending and torsion), the wing exhibits predom-
inantly torsional deformation (Figs. 4 and 5). Note that the

� rst � ve modes of the wing were used in the response analysis
for both deterministic and random loads and were subse-
quently found to be adequate. Damping was assumed to be
3% in all modes, i.e., zn = 0.03.

The amplitudes of the dynamic � exural and torsional dis-
placements at the tip of the wing, under the action of a har-
monically varying concentrated � exural force of unit ampli-
tude at the tip, are computed using the present theory. The
results for b = 10 deg are shown in Fig. 6, where the absolute
values of the response are shown. The peaks in Fig. 6 corre-
spond to the natural frequencies of the wing. For instance, the
� rst peak occurs around the � rst natural frequency, i.e., 149
rad/s, whereas the second and third peaks occur around the
second and third natural frequencies, i.e., 811, 1089 rad/s
(Figs. 5 and 6). Note that the results shown in Fig. 6 are ob-
tained under the action of � exural load only, but a dynamic
torsional rotation is evident as a consequence of the (material)
coupling effect. Because of the intrinsic nature of the material
coupling present in laminated (� brous) composites, the two
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Fig. 5 Coupled bending – torsion natural frequencies (rad/s) and
mode shapes of the box wing of Ref. 19 (b = 10).

Fig. 6 Dynamic � exural and torsional response of the box wing
of Ref. 19 because of a unit harmonically varying concentrated
force at the tip (b = 10).

Fig. 8 Variation of mean square value of the a) � exural and b)
torsional response of the box wing of Ref. 19 at the tip, against
ply angle for different Ls/V ratios (z = 0.03).

Fig. 7 Von Kármán PSD function for different Ls/V.

displacements, i.e., bending and torsion, must not be consid-
ered in isolation. At the tip where there is a concentrated � ex-
ural load (but no torsional load), the amplitude of the � exural
response (unlike the torsional one) is always in the same di-
rection as the applied load. However, for certain forcing fre-
quencies, sudden drops in the torsional response occur as
shown (in the logarithmic scale) in Fig. 6. This indicates a
change in sign for the torsional rotation induced by � exural
displacement.

Next, the � exural and torsional response of the wing caused
by a uniformly distributed atmospheric turbulence modeled by
the von Kármán spectra18 see [Eq. (43)], is investigated. The
spectrum is shown in Fig. 7 for three different values of Ls/V
ratio. Again, the excitation is assumed to be � exural only, i.e.,
there is no externally applied torsional load on the wing. The
mean square values of the bending displacements and torsional
rotations against ply angle b are shown in Figs. 8a and 8b,
respectively, for two different values of Ls/V ratio. As evident
from these � gures, the torsional response arises solely from
bending– torsion (material) coupling. Because the bending ri-
gidity reduces with the increase in ply angle (Fig. 3), the � ex-
ural response increases as a consequence. However, no such
predictable pattern can be observed for the (� exure-induced)
torsional response that has been computed in the absence of
any externally applied torsional load. The authors’ investiga-
tion has shown that the � exure-induced torsional response is
quite a complex phenomenon, which is primarily dependent
upon the bending– torsion coupling rigidity. Finally, the � ex-
ural and torsional responses were computed at various points
on the wing. The mean square values of the � exural displace-
ment and torsional rotation along the length of the wing for b
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Fig. 9 Variation of mean-square value of the a) � exural and b)
torsional response along the box wing of Ref. 19 for different
damping coef� cients (Ls/V = 10).

= 10 deg are shown in Figs. 9a and 9b, respectively, for two
values of the damping ratio. Both � exural and torsional re-
sponses are maximum at the tip.

Conclusions
A theory has been developed to perform the response anal-

ysis of a bending– torsion materially coupled composite beam
when subjected to deterministic or random loads. Applications
include composite wings, for which � exural and torsional mo-
tions are coupled as a result of the intrinsic nature of laminated
(� brous) composites. Numerical results are given and dis-
cussed for a cantilever composite wing subjected to both de-
terministic and random loads.

The effects of ply orientation on rigidity properties and their
subsequent effects on response characteristics are demonstrated.
The investigation has shown that response induced by material
coupling as a consequence of ply orientation can be signi� cant.
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